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Resumo
A geração de pentes de frequência tem sido um campo ativo de pesquisa, com aplicações
indo de metrologia a astronomia, passando por espectroscopia e medidas de distância mais
precisas. Um dos principais métodos de geração de pentes é por meio de mistura de quatro
ondas, um processo não-linear de terceira ordem no qual um par de fótons é substituído por
outro par com novas frequências (conservando energia e momento). A alta intensidade óptica
necessária para o desencadeamento deste processo é obtida através da intensificação ressonante
do campo eletromagnético no interior de uma microcavidade, que confina a luz em pequenos
volumes e reduz a potência de entrada.
Além da vantagem energética e do potencial para miniaturização e produção em larga escala,
essa plataforma possibilita a customização de parâmetros do pente de frequência: a taxa de
repetição do pente escala com o inverso do raio da cavidade, pois as bandas laterais criadas
devem coincidir com as frequências harmônicas do dispositivo. A largura de banda do pente
também pode ser controlada com um planejamento cuidadoso da geometria do dispositivo, pois
é limitada em grande parte pela variação do intervalo espectral livre com a frequência.
Nesta dissertação, estudamos como a dispersão modal de um microdisco de SiO2 em forma
de cunha é modificada por mudanças em suas características geométricas. Para tanto, desen-
volvemos a habilidade de controlar o ângulo dos dispositivos fabricados e de medir a dispersão
do modo fundamental a partir de seus espectros de transmissão. Os resultados (corroborados
por simulações numéricas) mostram que a dispersão (em 1550 nm) vai de normal a anômala
com o aumento do ângulo. Ainda, utilizamos os dispositivos fabricados para gerar pentes de
frequência no regime de dispersão anômala e concluimos que a dinâmica de formação é bem
descrita pelo formalismo de expansão modal.
Abstract
Frequency comb generation has been a very active research field, with applications ranging
from frequency metrology to astronomy and precise distance measurement. One of the main
methods of comb generation is through cascaded four wave mixing, a third order nonlinear
process in which a pair of photons is replaced by another pair with shifted frequencies while
conserving energy and momentum. The high optical intensity needed to trigger the process is
achieved by confining the light to a microcavity, thus reducing the power consumption by the
resonant enhancement of the internal electromagnetic field.
Besides the scalability potential and the energetic advantages, this microcavity-based plat-
form enables the customization of comb parameters: the repetition rate scales with the inverse
of the cavity radius as the generated sidebands should match the harmonic frequencies of the
device. Also, the bandwidth is limited by the change in the free spectral range with frequency,
which could be set to near zero values by carefully designing the geometry of the optical device.
In the present dissertation, we study how the modal dispersion is affected by a change in
the geometrical features of a SiO2 wedge microdisk. To that end, we developed the expertise
to control the wedge angle of the fabricated devices and to measure the dispersion of the
fundamental mode from their transmission spectra. The results (corroborated by numerical
simulations) show that the dispersion (at 1550 nm) goes from normal to anomalous as the
wedge angle is increased. Furthermore, we used the fabricated devices to generate frequency
combs in the anomalous dispersion regime, and concluded that the formation dynamics is well
described by the modal expansion formalism.
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Chapter 1
Introduction
The first chapter of this dissertation is meant as a (very) brief overview of the main methods
available for frequency comb generation. There are many published works on this subject and
we strongly advise the reader to consult the bibliographic references for a more detailed review.
Here we have condensed the main topics considered necessary to motivate our work and situate
our contribution to this vast subject.
The frequency combs (FC) were conceived by the metrology community in search for ever-
more precise measuring tools. The 2005 Nobel laureate, Theodor Hänsch, motivates that “with
better measuring tools, one can look where no one has looked before” [1]; as an example, he
cites the investigation of possible slow variations in optical constants and the development of
attosecond instrumentation. Since the light speed was defined as an exact quantity, both length
and frequency could be measured with the same precision of the atomic clocks, which makes
time (in the words of John Hall) “the most powerful metrological variable” [2]: its precision can
be easily enhanced by increasing the number of cycles measured from a coherent source. With
the development of laser technology and atomic trapping techniques, new atomic transitions
were found to provide such events with repetition rate in the order of terahertz, but the avail-
able clockwork mechanisms were incapable of measuring cycles faster than radio frequencies
(RF) [3].
In this context, the FCs arose as powerful measuring instruments that would link the RF/
microwave bands to the optical domain (visible and infrared). The first combs were based on
mode-locked lasers, whose output consists on a train of short pulses comprising many optical
modes. In the frequency domain, the spectral components span an interval inversely propor-
tional to the pulse duration, centered at the carrier frequency ωc, as illustrated in Fig. 1.1.
Each comb line is identified by an integer n and possesses a frequency
ωn = ω0 + nωr, (1.1)
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where ωr is the repetition rate of the pulses and ω0 is an offset frequency caused by the phase
difference between the carrier and the envelope [4], as depicted in Fig. 1.1. If both ω0 and ωr
are known, the absolute position of the teeth is readily determined so that optical frequencies
can be measured by the RF beat note between the desired frequency and ωn.
ωo
ωr ω
Fourier
transformation
E (t)
∆φ
t
2∆φ
E (ω)
a
b
Figure 1.1: Laser-based frequency combs. (a) The output of the mode-locked laser is a train of pulses in
time. The group velocity of the envelope and the phase velocity are offset by a cumulative amount ∆ϕ. (b) In
the frequency domain, the train of pulses becomes a frequency comb with repetition rate ωr. Due to the phase
slip ∆ϕ, the teeth frequencies are offset by ω0. This figure was reproduced from Ref. [3].
The easiest way to determine ω0 is trough self-referencing, a ground breaking technique
in which a mode of frequency ωα is nonlinearly doubled and compared to a mode one octave
away, i.e. 2(ω0 + αωr) − (ω0 + 2αωr) = ω0. The pioneer work of J. Hall and T. Hänsch used
a photonic crystal fiber external to the laser’s cavity to coherently broaden the comb trough
self-phase modulation [5], but other octave-spanning methods (such as erbium fiber lasers [6])
were available by the time their Nobel prize was announced. The active stabilization [5] of
ω0 and ωr to RF (or microwave) standards led to measurements with unprecedented precision
and paved the path for many applications, such as absolute distance measurements [7] and
astronomical spectrograph calibration (with prospects of measuring the expansion rate of the
universe) [8].
In 2007, Del’Haye et al. reported on a new comb generation method [9] in which the comb
lines are generated by nonlinear frequency conversion of a continuous-wave (CW) laser in an
optical microcavity. As illustrated in Fig. 1.2, the first pair of lines (signal and idler) originates
from degenerate four wave mixing (FWM), a third order parametric process in which the
annihilation of two pump photons (frequency ωp) originates a new pair of photons with shifted
frequencies: ωs = ωp− δ and ωi = ωp + δ. The generated sidebands must match the resonances
of the cavity, so δ is a multiple of the cavity’s free spectral range (FSR). The comb can be
further expanded by degenerate or non-degenerate FWM, as exemplified in Fig. 1.2(b).
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Figure 1.2: Four wave mixing. (a) Energy diagram of the four photons involved in the degenerated process.
Dashed lines indicate virtual levels, while the full line represents the fundamental energy level of the material.
(b) Spectrum of the intracavity field intensity illustrating a comb generated by cascaded FWM.
Cavity-based combs caught the attention of many research groups due to the possibility
of integrating broadband coherent light sources to photonic chips with significant reduction in
size and power consumption [9]. Furthermore, the flexibility in cavity design leads to repeti-
tion frequencies previously unattainable for laser combs (in excess of 100 GHz). In addition,
a potential increase in power per comb line expands the range of applications to fields like
telecommunications and microwave synthesis [10]. Despite all that, the applicability of this
technique remained limited until 2013 [11,12], when the formation of temporal dissipative Kerr
solitons was observed to mode-lock the comb and overcome frequency and amplitude noises [13].
Kerr combs were demonstrated in many platforms, including toroids [9], crystalline MgF2
[12, 14], and silicon nitride rings [15]. We chose to explore the silicon oxide wedge microdisks,
which are CMOS-compatible and capable of achieving ultra-high quality factors (as high as
108) without additional fabrication steps (e.g. the laser reflow in toroids) [16].
These silica wedge disks were first developed by Vahala’s group at Caltech. At first, it was
believed that shallow wedge angles would contribute to enhance the Q factor by pushing the
modes towards the center of the disk, thus reducing the scattering losses at the surface [17].
In a later publication [16], a more detailed empirical study revealed that, in reality, Q tends
to increase with steeper wedge angles (as well as with larger cavity radii and thickness). The
discrepancy between these results is due to improvements in the fabrication process, which
yielded smoother wedge surfaces. Since an increase in cavity radius also increases the modal
area, the optimum diameter for comb generation was found to be around 3 mm [18].
In 2013, our own research group used silica wedges of much smaller radius (100 µm) to
produce a tunable green laser via third harmonic generation [19]. The devices were fabricated
in-house, and the development of the basic fabrication expertise was the theme of my own
undergraduate research project 1, which was carried on by Jorge Soares 2 in the subsequent
years. Although frequency combs could also be generated in our small, shallow-angle devices,
their bandwidth was severily limited due to the normal dispersion of the optical modes.
1Fapesp process 2013/19799-9
2Fapesp process 2015/22178-1
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In the attempt to increase our quality factor, we managed to fabricate 200 µm diameter disks
with a 56◦ wedge angle, which exibited anomalous dispersion (though with a smaller Q). Similar
devices have already been achieved by G. Li et al. through a different fabrication technique,
but no dispersion measurements were presented at the occasion [20]. In this dissertation, I shall
describe the fabrication process of our anomalous dispersion wedges, and unreavel the details of
dispersion measurements techniques. First, however, I will provide a more rigorous description
of comb generation in optical resonators in order to clarify the importance of the dispersion
regime.
Chapter 2. Fundamentals of Parametric Comb Generation 16
Chapter 2
Fundamentals of Parametric Comb
Generation
In the Introduction, we described in general terms the mechanism of comb generation
through FWM. Now, we are going to formulate the problem in terms of classical electro-
magnetic theory in order to predict some of the comb features, such as parametric gain and
threshold power. We begin with a text-book description of light propagating in a whispering
gallery optical microcavity, heavily based on references [21–23]. Then, we account for losses
and nonlinear effects by introducing a slow temporal dependance to the coeficients of the eigen-
mode expansion (somewhat following the formalism presented in Ref. [24]). This will lead us
to a system of coupled mode equations, which will be analyzed in the same fashion as the
suplementary material of Ref [13]. With these results, we analyze the influence of dispersion in
the formation dynamics of the frequency comb.
2.1 Light-matter interaction
Four wave mixing is a parametric process; that is to say that the conversion is not mediated
by transitions between real energy eigenstates of the material (as evidenced by the energy level
diagram in Fig. 1.2(a)), so the state of the medium’s atomic constituents are left unaltered in
the process [25,26]. The wave interaction is simply mediated by the charges of the medium: in a
dielectric material, the electromagnetic fields drive the bound electrons to oscillate about their
nuclei, inducing a time-dependent polarization ~P (t). In turn, the oscillating dipoles radiate
a polarization field, which adds to the original source field and continues the process. This
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dynamics is elegantly described by the macroscopic Maxwell’s equations:
∇× ~E = −µ∂
~H
∂t
(2.1a)
∇× ~H = ∂
~D
∂t
(2.1b)
∇ · ~D = 0 (2.1c)
∇ · ~H = 0. (2.1d)
Here, ~E ( ~H) is the total electric (magnetic) field, and µ is approximately µ0 (the magnetic
permeability of free space). Note that the polarization is embedded in the electric displacement:
~D(t) = 0 ~E(t) + ~P (t) (0 being the vacuum permittivity).
In linear optics, the polarization fields oscillate at the same frequency of the pump, which
means that ~P ∝ ~E. The proportionality constant (linear susceptibility) is approximated by the
Lorentz model [27], which assumes that the electrons oscillate harmonicaly with respect to the
nuclei. The amplitude of the electronic motion increases with the intensity of the pump field,
to the extent where higher order terms must be added to the restoring force exerted by the
nuclei in order to properly describe the electron’s dynamics. This expansion of the spring force
in terms of electronic displacement gives rise to a nonlinear polarization [25]:
~P (t) = 0χ(1) ~E(t) + ~PNL(t). (2.2)
In silicon oxide, the first nonlinear contribution is third order1, which means that ~PNL is the
result of three mixing fields: ~Eα, ~Eβ and ~Eγ. Assuming that each field oscillates with frequency
ωα, ωβ and ωγ, respectively, each component of ~PNL(t) is given by
PNL,j(ω) = 0
∑
klm
χ
(3)
jklm(ω, ωα, ωβ, ωγ)Ek(ωα)El(ωβ)Em(ωγ). (2.3)
Here, the indices j, k, l,m run through the three spatial coordinates, and χ(3)jklm denotes the
elements of the third order susceptibility tensor (rank 4). The nonlinear polarization frequency
(ω) is a combination of the frequencies ωα, ωβ and ωγ (in particular, ω = ωα − ωβ + ωγ for
the FWM process). Since we are interested in frequencies much smaller than the material’s
resonance, we utilize Kleinman’s symmetry [25] to argue that the dispersion of χ(3)jklm can be
neglected. Thus, the temporal dependence of ~PNL reads
PNL,j(t) = 0
∑
klm
χ
(3)
jklmEk(t)El(t)Em(t). (2.4)
1Silica is an isotropic material, so P (−E) = −P (E), which yields a zero second order coefficient [28].
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Rewriting the displacement vector as ~D =  ~E+ ~PNL (with the material’s permittivity given
by  = 0[1 + χ(1)]) and substitung into Eq. 2.1b, we obtain
∇× ~H − ∂
~E
∂t
= ∂
~PNL
∂t
. (2.5)
The above equation states that the nonlinear polarization is the source of a new radiating
field of frequency ω. However, we notice that χ(3)jklm is many orders of magnitude2 smaller
than χ(1), thus ~PNL can be treated as a perturbation of the homogeneous Ampère-Maxwell’s
equation. This also emphasises the need of high input powers to observe significant frequency
conversion phenomena: since the conversion probability of a single photon is very small, we
increase the number of incident photons. The input energy can be reduced by storing photons in
an optical cavity. Therefore, in the following sections, we study the propagation of light within
microresonators of whispering gallery type and examine which impacts the light confinement
would have on the nonlinear interaction.
2.1.1 Cavity eigenmodes
Now we are interested in the solution of the Maxwell’s equations with the boundary condi-
tions imposed by the optical cavity. First we consider the low optical power limit, where the
nonlinear polarization is negligible. Assuming that the temporal and spatial dependences of
the fields are separable, we obtain an infinite set of n discrete solutions:
~Fn(~r, t) = e−iωnt ~Fn(~r) + c.c., (2.6)
where c.c. stands for complex conjugate, ~Fn is either ~En or ~Hn and ~Fn = (~En, ~Hn). The
temporal dependence consists of the complex exponential oscillating at ωn, while the spatial
field distribution ( ~Fn) depends on the device’s geometry. The mode profiles of our wedge disks
will be determined in the next chapter; meanwhile, ~Fn will be regarded as a known set of
orthogonal quantities obeying the relation
∫
ξ ~F∗n. ~FmdV = δnm. (2.7)
In the above expression, ξ =  (µ) if ~Fn = ~En ( ~Hn), and the integration is to be performed over
the entire space.
The eigenmodes ~Fn are the possible solutions of a closed cavity (i.e., we have disconsidered
any interactions of the system with the surroundings). In order to excite the modes, the
resonator must be connected to a feeding channel. Thence, a new source term is added to Eq.
2In the first chapter of reference [25], Boyd estimates that χ(3) ≈ 10−24χ(1).
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2.5:
∇× ~H − ∂
~E
∂t
= ∂
∂t
(s0e−iωpt~e0) +
∂
∂t
~PNL, (2.8)
where s0 is the amplitude of the pump field propagating in the ~e0 direction with frequency
ωp. Since the intracavity photons can also leak through the feeding port, we limit the coupling
between the pump field and the cavity to enhance the number of stored photons and decrease
the power needed to observe FWM. Likewise, intrinsic cavity losses (such as absorption and
scattering by cavity roughness) are considered to be small. Therefore, we use perturbation
theory to write the total intracavity field as a linear combination of the unperturbed eigenmodes,
weighted by a slowly-varying mode amplitude an(t):
~F (~r, t) =
∑
n
an(t)~Fn(~r, t) + c.c. (2.9)
Now, it remains to determine the temporal dependence of the modal amplitude.
2.1.2 Time-varying amplitude
Representing all losses as the imaginary part of the permittivity ( = r + ii, with r ≈ ),
we substitute the ansatz (2.9) into (2.8) to obtain
∑
n
an(∇× ~Hn − ∂
~En
∂t
) = 
∑
n
a˙n ~En − iωps0e−iωpt~e0 + i
∑
n
ωnan ~En +
∂
∂t
~PNL, (2.10)
where the a˙n denotes the time derivative of an. Since the eigenmodes satisfy the unperturbed
Maxwell’s equations, the left hand side of Eq. (2.10) is equal to zero. Multiplying both sides
by ~E∗µ and integrating over the entire volume, we use Eq. (2.7) to project (2.10) into a single
mode µ:
a˙µ = −i

ωµaµ + iωps0e−i(ωp−ωµ)t
∫
 ~E∗µ.~e0dV − eiωµt
∫
~E∗µ.
∂ ~PNL
∂t
dV. (2.11)
Observe that the ξ factor in Eq. (2.7) normalizes the mode amplitude such that |aµ|2
corresponds to the stored energy [21]. Thus, we define
κ = 2i

ωµ (2.12)
as the total energy loss rate. Also, imposing that |s0|2 normalizes to pump power [21], we define
the extrinsic loss rate as the overlap integral between the cavity mode and the external pump
field: √
κe = iωp
∫
 ~E∗µ.~e0dV. (2.13)
Figure 2.1(a) depicts the coupling for the (usual) case in which the feeding channel is a
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waveguide in close proximity to the cavity. If the pump frequency is varied, the intracavity
intensity builds up whenever ωp ≈ ωµ (as represented by the gray curves in Fig. 2.1(b)).
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Figure 2.1: Mode excitation. (a) Illustration of the wedge microdisk coupled to a waveguide. (b) Intensity of
the intracavity field as a function of frequency. The gray curves indicate the optical modes at frequencies labeled
by an integer number µ. The dashed lines are equidistant and mark the possible positions of the generated
sidebands. The cavity is pumped at the central mode µ = 0 (light green line). The FSR is defined as the
difference between the pump frequency ω0 and the first adjacent resonance ω1, as indicated in the figure.
Without loss of generality, let us assume that the resonator is pumped in mode µ = 0 and
the nonlinear interaction populates the neighboring modes. According to Appendix A, the
FWM contribution in an isotropic medium is reduced to
~PNL(t) = 30χ(3)
∑
αβγ
aαa
∗
βaγ ~Eα(~E∗β .~Eγ)e−i(ωα−ωβ+ωγ)t. (2.14)
Substituting Eq. 2.14 into Eq. (2.11), we obtain
a˙µ = −κ2aµ +
√
κes0e
−i(ωp−ω0)t + ig0
∑
αβγ
fαβγµ aαa
∗
βaγe
−i(ωα−ωβ+ωγ−ωµ)t (2.15)
with
g0 =
1
2
n2c
n20
ω0
Veff
(2.16a)
3χ(3) = 12n2c (2.16b)
Veff = (
∫
2||~e0||4dV )−1 (2.16c)
fαβγµ =
ωµ
ω0
∫
2(~E∗µ.~Eα)(~E∗β .~Eγ)dV∫
2||~E0||4dV
. (2.16d)
Thus, the phase of a given mode µ is modified by the interaction with three other modes (α,
β and γ). The strength of the nonlinear interaction is given by the spatial overlap fαβγµ between
the four modes and by the nonlinear coefficient g0. The later depends on the Kerr index n2,
which is a refractive index correction for high intensities (n = n0 + n2I). This nonlinear index
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can be related to the nonlinear susceptibility by treating ~PNL as a perturbation of the relative
permittivity /0 = n2 [25, 26].
2.1.3 Modal dispersion
One last consideration is needed before solving the differential equation 2.15. First we notice
that the generated sidebands are expected to match the resonances of the cavity (otherwise
they interfere destructively and cannot be observed). But the comb teeth are also expected
to be equidistant, which is generally not the case of the resonances (see Fig. 2.1(b)). Due
to a combination of material and geometrical features of the resonator, the frequency interval
between two modes (defined as the free spectral range - FSR) varies with mode number µ.
Hence, the eigenfrequencies of a given mode family are given by [13]
ωµ = ω0 +D1µ+
1
2D2µ
2 + . . . , (2.17)
where D1 = ∆ωFSR is the FSR and D2 = dD1/dµ is the modal dispersion. If D2 > 0 (D2 < 0),
D1 increases (decreases) with µ, which is classified as the anomalous (normal) dispersion regime.
As illustrated in Fig. 2.1(b), the dispersion effects are more pronounced for large µ and
must be taken into account when modeling large bandwidth frequency combs. Thus, the FWM
condition yields α− β + γ − µ = 0, but ωα − ωβ + ωγ − ωµ = D2(α2 − β2 + γ2 − µ2)/2 6= 0.
Second, we observe that Eq. (2.15) is more easily handled if the explicit time dependence is
eliminated. Following the procedure presented in the supplementary material of Ref. [13], we
phase-shift the mode amplitude to Aµ = aµ
√
2g0/κe−i(ωµ−ωp−µD1)t, such that
∂Aµ
∂τ
= −(1 + iδµ)Aµ + s+ i
∑
αβ
fα,β,µ−α+βµ AαA
∗
βAµ−α+β (2.18)
with
τ = κt/2 (2.19a)
δµ = 2(ωµ − ωp − µD1)/κ = 2(ω0 − ωp + 12µ
2D2)/κ (2.19b)
s = s0
√
8ηg0/κ (2.19c)
η = κe/κ. (2.19d)
Both κ and g0 have dimension of frequency, so the scaling factor
√
2g0/κ transforms the
differential equation in a dimensionless expression. Now we solve Eq. 2.18 for the first pair of
generated sidebands.
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2.2 Degenerate FWM
Since the cavity is pumped by a single laser, it is only natural that the frequency comb
starts with a degenerate FWM process. Thus, we solve Eq. (2.18) for A0, A+µ and A∗−µ.
Assuming that the pump is undepleted (i.e. a very small percentage of pump photons are
transfered to the sidebands), we decouple the system into
∂A0
∂τ
= −(1 + iδ0)A0 + s+ i|A0|2A0 (2.20)
and
∂
∂τ
A+µ
A∗−µ
 =
M+ N+
N∗− M
∗
−
A+µ
A∗−µ
 , (2.21)
with matrix coefficients given by
M+ = −1− i(δ+µ − (f+00+ + f 00++ )|A0|2) (2.22a)
M∗− = −1 + i(δ−µ − (f−00− + f 00−− )|A0|2) (2.22b)
N+ = −if 0+0+ A20 (2.22c)
N∗− = if 0−0− (A∗0)2. (2.22d)
In Eq. 2.20, the nonlinear term results in self-phase modulation (i.e. the pump mode A0
modifies its own phase due to the Kerr index n2). As for the system (2.21), the phases of the
sidebands are shifted by the pump (cross-phase modulation, |A0|2A+µ and |A0|2A∗−µ). Observe
that the undepleted pump approximation allows us to neglected the self-phase modulation of
the generated lines, as well as the cross-phase modulation of the sidebands on the pump and
between the sidebands themselves.
2.2.1 Pump stability
Holding the central mode in the steady-state, we rewrite Eq. (2.20) as
|A0|2 +
(
δ0 − |A0|2
)2 |A0|2 = |s|2, (2.23)
which is third order for |A0|2. Depending on the values of s and δ0, there are three real
solutions; the intermediate one is always unstable [29], which gives rise to the well-known
hysteresis phenomenon illustrated in Fig. 2.2(a): as the pump frequency is tuned into resonance,
the power coupled into the cavity increases. The increasing intensity red-shifts the resonance
through self-phase modulation, until ωp reaches ω0 (effective zero detuning, not to be mistaken
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with δ0 = 0). Although |A0|2 is maximum at this point, the intracavity energy can drop
abruptly due to the instability of the system. Thus, it is important to take the unstable region
into account when determining the adequate parameters for comb generation.
-5 -4 -3 -2 -1 0 1 2
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
|s|2=3.5
ωp-ω0
|A
0|2
0 1 2 3 4 5
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
δ0=2.5
|s|2
|A
0|2
(a) (b)
Figure 2.2: Stability of the pumped mode. (a) The solid line shows the variation of |a0|2 as a function of
δ0 for a fixed |s|2. The red segment corresponds to the unstable solution. The dashed lines indicate the abrupt
transition from one stable solution to another, and the arrows evidence that distinct paths are traveled when
flipping the direction of change in detuning. (b) Variation of |a0|2 as a function of |s|2 for a fixed δ0. The
shaded area indicates the unstable region.
According to Fig. 2.2(b), the unstable region is limited by the points in which ∂|s|2/∂|A0|2
vanishes. From Eq. (2.23), the boundary curve is a parabola that does not depend on input
power.
It is worthwhile observing that, for a fixed input power |s|2, the maximum stored energy is
higher if the resonance is accessed from the blue side (black arrows in Fig. 2.2(a)) rather than
from the red side (gray arrows).
2.2.2 Parametric gain and oscillation threshold
Now, lets turn our focus to the sidebands. Assuming that µ is sufficiently close to the pump,
the four modes overlap almost perfectly and the integrals fα,β,µ−α+βµ can be approximated to
1 [24]. With this, the eigenvalues of (2.21) are given by
λ± = −1±
√
|A0|4 − (δµ − 2|A0|2)2 ≡ −1± 2G/κ. (2.24)
Hence, the solutions of the linear system area+µ
a∗−µ
 = (Γ1~v1eGt + Γ2~v2e−Gt)e−κ2 te−i(ωµ−ωp−µD1)t, (2.25)
where ~v1 and ~v2 are the eigenvectors and the constants Γ1 and Γ2 are determined by the initial
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conditions. Returning to the unnormalized units, the gain reads
G =
√√√√κ2 (Pabs
Pth
)2
− 4
(
ω0 − ωp + µ2D2 − κPabs
Pth
)2
, (2.26)
with
Pth =
κ2n20Veff
8ηω0n2c
, (2.27a)
Pabs =
κ
8η |aµ|
2. (2.27b)
It is evident that, in order for the oscillation to occur, the gain G must be real and positive
in order to compensate for the slow exponential decay caused by the losses. Thus, we carefully
examine the behavior of expression (2.26) as its many parameters are varied.
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Figure 2.3: Gain vs. mode number for: (a) zero detuning and D2 = κ/50. (b) zero detuning and
D2 = κ/100. The different colors denote the values of Pabs according to the legend. (c) varying detuning,
Pabs = 2Pth and D2 = κ/50. (d) varying detuning, Pabs = 2Pth and D2 = −κ/50. The value of G in the color
maps corresponds to the color legend at the right. White areas correspond to complex values.
First, we set ωp = ω0 and D2 = κ/50 (anomalous dispersion). The normalized gain G/κ as
a function of µ is plotted in Fig. 2.3(a), where the colors correspond to different ratios Pabs/Pth.
The sidebands will be generated at the mode numbers within the gain lobes, which may not
occur at the FSR immediately adjacent to the pump. Observe that the gain compensates the
losses when the internal power Pabs matches the threshold power. Also, the sidebands are
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shifted further away from the pump with increasing Pabs. The central mode number of the
gain lobe can be estimated by isolating δ0 in Eq. (2.23) and substituting into Eq. (2.27a); at
threshold, |A0|2 = 1 (Pabs = Pth) and G = κ, yielding
µmin =
√√√√ κ
D2
(√
Pin
Pth
− 1 + 1
)
. (2.28)
Substituting the values used in Fig. 2.3(a), we obtain µmin = (7, 10, 13).
Now, we analyze the evolution of the curves in Fig. 2.3(a) as D2 approaches zero. From
Fig. 2.3(b), we observe that the width of the lobes increases and µmin must also increase to
keep the gain real. As a consequence, the sidebands are generated at infinity for zero dispersion
and negative D2 values (normal dispersion) should be balanced by a negative, nonzero detuning
ωp−ω0. The later conclusion is also evident from the colormaps in Figs. 2.3(c) and (d), which
show the gain as a function of µ and detuning for fixed power and D2 in the anomalous and
normal regimes, respectively.
Lastly, we recall that pump stability restricts the values of |A0|2 = Pabs/Pth for certain
detunings. Figure 2.4 compares the gain for a given µ with the instability region given by the
zero derivative of Eq. (2.23): we observe that the gain of the mode µ = 10 lies almost entirely
within the unstable zone for normal dispersion, whereas the opposite occurs for D2 > 0. The
situation is partially reversed when µ is decreased: both dispersion regimes yield gain lobes only
partially covered by the unstable area. Hence, the combs can be generated in both dispersion
regimes, but the first sidebands are more likely to be generated at large (small) µ for anomalous
(normal) dispersion.
Once again, we observe that the gain lobe can cross the zero detuning line if the dispersion is
anomalous, while normal dispersion requires the laser to be red detuned with the cavity. This,
along with the bistability discussed in the previous subsection, implies that anomalous combs
can be generated by adiabaticaly tuning the laser into resonance from the blue side, whereas
normal dispersion devices need special techniques to generate combs with a red detuned laser.
To summarize, we highlight the most important results of this section:
• Frequency combs can be generated in both dispersion regimes;
• The first sidebands are more likely to be generated at large (small) µ for anomalous
(normal) dispersion combs;
• The anomalous dispersion regime allows FWM at smaller detunings, therefore comb gen-
eration is more efficient and easily achieved in this regime.
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Figure 2.4: Gain and pump stability. The colormaps show the gain as a function of |A0|2 and detuning for
fixed mode number µ and dispersion D2, following the color scale to the right. The dispersion is (a) normal.
(b) anomalous. The top line corresponds to µ = 3 and the bottom line, to µ = 10. The interior of the red
curves corresponds to the instability zone of the pump.
2.3 Comb formation dynamics
In the previous section, we used the undepleted pump approximation to analyze the forma-
tion of the first pair of sidebands at powers just above the threshold. If Pabs keeps increasing
beyond Pth, more photons are frequency-converted and the interaction of the sidebands with
the pump can no longer be neglected. Besides, the second sideband pair will introduce ad-
ditional terms to Eqs. 2.20 and 2.21, plus a new pair of coupled equations to the system.
The complexity of the system thus scales with the number of considered modes. Therefore,
an analitic solution for a system with hundreds of modes is impracticable. However, the comb
evolution was numerically determined with the aid of the open-source combGUI toolbox [30],
and the results will be presented along with the experimental results at the end of chapter 4.
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Chapter 3
Cavity design and fabrication
The formalism developed in the previous chapter can be applied to any WG microcavity. In
turn, this chapter focuses on the particularities of the wedge resonator introduced in Chapter
1. First, I will simulate the optical modes of the wedge to analyze how the dispersion is affected
by its geometrical features. The scripts used for the present simulations were adapted from a
previous calculation performed by Yovanny Valenzuela with my own assistance [19]. Following
this discussion, we will describe the overall fabrication process and explain how to experimetally
vary the wedge angle.
3.1 Eigenmode simulation
Due to the symmetry of the wedge disk, the spatial field distribution is more conveniently
described in a cylindrical coordinate system originating at the resonator’s center, as indicated
in Fig. 3.1(a). The photons propagate by the outer rim of the disk, circulating in the azimuthal
direction. Thus, the wedge eigenmodes (2.6) can be rewritten as
~Empq(~r, t) = e−i(mθ−ωmt)~Ψmpq(r, z), (3.1)
where ~Ψmpq is the transverse field distribution at the resonant frequency ωm (the indices m,
p and q indicate the number of azimuthal, radial and vertical antinodes, respectively). It
is possible that modes with different m values present the same transverse profile ~Ψmpq, in
which case they are said to belong to the same mode family. Each family possesses a different
dispersion, which yields different relations between m and ωm. Defining µ as the mode number
m relative to a referencem0, we recover the expressionD2 = dω2µ/d2µ from section 2.1.3. Hence,
our task is to determine the azimuthal mode numbers in a given frequency range for different
mode families.
In a regular microdisk, the mode profile ~Ψmpq possesses approximate analytic solutions for
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TE/ TM polarizations (i.e. electric field is parallel/perpendicular to the disk’s plane), yet the
dispersion is somewhat harder to obtain because the eigenfrequencies ωm are calculated through
a secular equation [31]. In the wedge case, the analytic treatment is more troublesome because
the TE/ TM polarizations are coupled by the inclined surface (which further complicates the
analysis of field continuity at the interface). Therefore, the eigenmodes will be calculated
numericaly.
In the Comsol® software, we make use of the azimuthal periodicity of the modes to reduce
a tridimensional problem to a bidimensional one (axial symmetry). Thus, the finite elements
method is performed in a cross-section of the cavity (as the one drawn in the bottom of Fig.
3.1(a)). There are essentially three geometric features to explore: height h, inner radius Rin
and outer radius Rout (the wedge angle is defined as α = arctan(h/Rout − Rin)). After these
parameters are set, we use a modified Comsol physics to calculate the possible m and ~Ψmpq
for a given wavelength (λm = 2pic/ωm). With the aid of the Comsol - Matlab® interface, we
iterated the calculations for 21 values of λm in the range 1500 - 1600 nm, and for varying
geometry parameters. As an example, Fig. 3.1(b) shows the distribution of the mode number
throughout this frequency range for the two orthogonal polarizations of the fundamental mode
(Ψm11) in a device with h = 3 µm, Rout = 100 µm and α = 31◦ (note that these polarizations
can be approximated by TE/ TM).
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Figure 3.1: Simulation of the wedge’s optical modes. (a) Illustration of the suspended wedge microdisk
and relevant dimensions. (b) Simulation result of the fundamental mode in a wedge of dimensions α = 31◦ and
Rout = 100µm. The insets show the normalized field intensity of the fundamental mode according to the color
legend at the right side. The TE-like and TM-like orthogonal polarizations of the electric field are represented
by the white arrows.
In the remaining of this section, we use the νm = c/λm vs. m curves to determine the
dispersion of the optical modes. We shall restrict our discussion to the TE-like polarization,
as it is expected to present higher quality factors1. Also, we shall keep h = 3 µm due to the
thickness of the oxide layer utilized in the fabrication of our devices.
1Observe that, for the same frequency, the m values of the TE-like modes are larger than the ones in the
TM-like polarization. This means that the TM-like modes present a smaller effective index, thus a larger portion
propagates in air and scatters at the surface.
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3.1.1 Dispersion
As evidenced by the graph in Fig. 3.1(b), the variation of harmonic frequencies with m is
mostly linear in the considered range. Hence, we need to subtract the linear dependance in
order to evidence the FSR variation. In other words, we rewrite Eq. (2.17) as
∆ν − D12pi µ =
1
4piD2µ
2 (3.2)
and study the left-hand side as a function of µ. Choosing λ0 = 1550 nm as our reference, we
rescale the simulated νm vs. m curves by subtracting ν0 = c/λ0 from the ordinate axis and m0
from the abscissa. Then, we fit a second order polynomial to the resulting graph and subtract
the linear part from the vertical axis. At the end, we are left with a parabola of concavity
D2/4pi.
In order to analyze the influence of the wedge angle in the dispersion of the fundamental
TE-like mode, we kept Rout constant and increased the difference Rout − Rin from zero to 10
µm. Figure 3.2(a) shows that the dispersion changes from normal (parabola facing down) to
anomalous (positive concavity) as the angle is increased.
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Figure 3.2: Dispersion simulation of the TE-like mode for varying wedge angle. (a) With the outer
radius fixed at 100 µm, the concavity of the curve changes as the angle is varied. The insets show the transverse
field distribution at µ = 0 for α = 17◦, 31◦ and α = 90◦. The intensity of the fields is normalized and follows
the same color legend as the previous figure. (b) Sellmeier dispersion curve for bulk silica. The anomalous
regime is highlighted in gray. The insets demonstrate how the center-of-motion of the mode is displaced as the
wavelength is increased for the extreme situations (α = 17◦ in yellow and α = 90◦ in blue).
This result can be interpreted by looking at the center-of-motion of the transverse field
distribution as a function of wavelength. If we approximate the disk eigenmodes by those of a
bended waveguide, then the mode number is given by the cavity radius times the wavenumber
(m = βmR). Assuming that the variation of refractive index is negligible within ∆m = 1, the
free spectral range will be ∆ωFSR = 1/nR. Now, the yellow inset in Fig. 3.2(b) shows that
the mode is pushed towards the center of the disk, reducing the effective optical path as λm
increases. Therefore the FSR decreases when frequency is increased and the wedge contribution
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to the dispersion is normal. We also notice that the center-of-motion is less displaced in a regular
microdisk (α = 90◦), so the dispersion should be dominated by the vertical confinement and
the material itself.
Since D2 = d2ω/dµ2 is propotional to −d2β/dω2, the bulk dispersion is given by the group
delay plotted in Fig. 3.2(b) (we used Sellmeier’s empirical relation for the refractive index).
Note that the zero dispersion point is near 240 THz, but a wedge of α ≈ 40◦ manages to
shift it down to 193.5 THz. Similarly, the dispersion of a shallow wedge can be tuned into
the anomalous regime by increasing the disk’s radius (as evidenced by Ref. [18] ). Due to the
constraints imposed by the available equipment, we fabricated devices of diameter up to 1 mm
(in particular, we focused on R = 100 µm).
In the next section, we present the fabrication process developed in partnership with Jorge
Soares2 and explain how to tailor the wedge angle.
3.2 Fabrication
The basic fabrication steps are summarized in Figure 3.3. Our wafer (acquired from Univer-
sity Wafer3) consists of a 3 µm wet thermal SiO2 layer, grown on a Si substrate. The process
starts by spin coating a resist layer on top of the silica surface, previously prepared with an
adhesion promoter (Surpass 3000). Then, the resist is exposed to the desired pattern. We
use both electroresist MaN 2405 and photoresist SC 1827, each one with it’s own exposure
parameters, as detailed in Appendix B.
After developing the unsensitized resist, we are left with circular pads that protect certain
regions of silica against the isotropic wet etching as illustrated by steps 3 and 4 of Fig. 3.3.
This step is rather long (40 min) due to the thickness of the silica layer, so the physical and
chemical resistance of the pads is improved by baking the sample at 140◦ C for 5 min. This
also helps to improve the quality factor, as shown in Appendix C.
When the wedges are defined, an organic cleaning is performed to remove resist residues.
This step consists of a 3 min sonicator bath in trichloroetylene (TCE), acetone and isopropyl
alcohol (IPA). Lastly, the silica disks are released by etching the Si with tetramethylammonium
hydroxide (TMAH4) heated at 80◦ C. The etch rate of TMAH depends on the crystal orientation
of silicon, which yields a pedestal with polygonal shape (unlike drawn in Fig. 3.3). Furthermore,
this substance is highly selective (etch rate of SiO2 is much lower thant that of Si 5).
In the remaining of this section, we revisit steps 2 to 4 of Fig. 3.3 in order to understand
and control wedge formation.
2Processos Fapesp 2013/19799-9, 2015/22178-1 e 2016/05038-4
3Item #783/T.ox: 100mm P/B(100) 1-10 ohm-cm 500um SSP Prime w/ 3um Wet Thermal Oxide.
4Concentration 25%.
5Another common Si etchant is KOH, but its selectivity is 10 times lower than that of TMAH.
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Figure 3.3: Lithography process. 1) Silicon oxide wafer. The silica layer is grown on top of a silicon substrate
(color legend shown in the inset at the right end of the figure). 2) The resist is spin-coated on top of the wafer.
3) Resist exposure and development. 4) The resist pads protect the silicon oxide against HF etching, defining
the wedge disks. 5) Resist residues are removed by organic cleaning. 6) Detail of a single disk, released by
anisotropic etching of silicon. The silica wedge serves as mask for this process.
3.2.1 Angle control
As we mentioned before, the disks are defined by the isotropic wet etching of silica. This
means that the etch rate is the same in all directions and every point of the surface acts as a
“source” of a spherical “etching wave”. The first image of Fig. 3.4(a) shows the “field lines”,
i.e. the direction in which the etch occurs. Note that a spherical “wavefront” appears under
the resist pad, centered at the lower edge. If the etchant infiltrates between the resist and the
sample, a piece of the cantilever is removed and a new “source” point is created, as depicted in
Fig. 3.4(a) ii. A continuous, adiabatic resist peeling leads to a straight wall with shallow wedge
angle as in Fig. 3.4(a) iii. Kinks (as the one in Fig. 3.4(a) ii) may be formed if the peeling rate
is not constant, but they can be removed by increasing the total etch time [16].
Alternatively, if the resist is well attached to the surface, the spherical “wavefront” keeps
advancing until a nearly straight wall with α > 90◦ is formed, as shown in Fig. 3.4(b). In this
case, the wedge profile is directly influenced by the shape of the resist pad: the baking process
reflows the resist, and different temperatures leads to devices with different dispersion curves
(as seen in Appendix C).
Experimentally, these two regimes were obtained with different resists: MaN adheres very
well to Surpass (which is not the case for the photoresist). Figures 3.4(c) and (d) show uper
views of the wedges fabricated with SC and MaN, respectively. The color variation around the
circles indicates the difference Rout−Rin, from which we estimate the angles to be αphoto = 30◦
and αelectro = 56◦. This last value was confirmed by an AFM (atomic force microscope) scanning
of the wedge step.
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Figure 3.4: Wedge formation. (a) Shallow angles are formed through a combination of isotropic etching and
resist peeling. (b) Sharp angles are formed when the undercut is larger than the height of the disk. In this case,
wedge profile is also influenced by the reflow process. Both cases are exemplified in the optical micrographs (c)
and (d). The disks were fabricated with (c) photoresist SC 1827. (d) electroresist MaN 2403.
The measured values of dispersion and quality factor for these devices are presented in the
following chapter.
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Chapter 4
Frequency comb generation
This chapter is divided between the linear and nonlinear measurements of the fabricated
microdisks. First, we characterize the dispersion and the quality factor of the fundamental mode
and compare the results for the shallow and steep wedges. Then, we test the later devices for
frequency combs and proudly present their consistent generation over a 20 nm range. Lastly,
we focus on a single comb centered in 1550 nm to study the formation dynamics and measure
the threshold power.
4.1 Optical transmission measurements
The experimental setup used for the linear characterization of the devices is shown in Fig.
4.1(a). The continuous wave (CW) laser excites a single mode that propagates through the
SMF-28 fiber and couples to the cavity via evanescent field. The optical power in the system is
regulated by a variable optical attenuator, and the field polarization is handled with the polar-
ization controller (PC). Sweeping the laser’s wavelength1, we identify the cavity’s resonances
as the dips in the transmitted signal (which is collected by a photodetector and captured by
an oscilloscope for future computer analysis). The reference equipments (a Mach-Zehnder in-
terferometer and an acetylene cell) are used to convert the temporal dependence of the scope’s
data into a wavelength axis, as described in Appendix D.
In order to increase the fiber’s evanescent field and facilitate the coupling, we adiabatically
reduce the diameter of a portion of the SMF fiber. The resulting tapered region (illustrated
in Figure 4.1(b)) is brought in contact to the wedged surface by a set of micro controllers
that move the sample in the horizontal plane and adjust the taper’s height. The positioning
is monitored by a visible camera attached to an objective. Both the taper and the resonator
are kept inside an acrylic box with laminar N2 flow to prevent dust contamination and water
adsorption by the silica.
1Maximum range of the Tunics laser is from 1460 nm to 1610 nm.
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Figure 4.1: Linear measurements setup. (a) Scheme of the experimental setup. Att: variable optical
attenuator. PC: polarization controller. λ ref: wavelength reference equipment (Mach-Zehnder interferometer
and acetylene cell). (b) Illustration of the straight taper fiber coupled to the wedge microdisk. The inset shows
an optical micrograph from the upper view of the cavity, with the taper coupled at the left side. The polygonal
shape corresponds to the Si pedestal. (c) Transmission spectrum of the wedge resonator, obtained with a taper
of waist 2.8 µm.
The waist of the central tapered region is chosen as to increase the coupling with a target
mode at the desired wavelength (usually the diameter is 1 to 2 µm at 1550 nm [32]). However,
in large devices (such as wedge microdisks, microspheres and microbottle resonators) many
modes can be excited by this configuration. As exemplified in Fig. 4.1(c), a transmission
spectrum taken under this circumstances is so populated, that identifying the different mode
families (and consequently measuring their dispersion) becomes a rather painful task. In the
next section, we demonstrate how the modes could be identified in a cleaner (less populated)
spectrum.
4.1.1 Spectral cleaning
In Section 2.1, we saw that the extrinsic energy loss rate κe is given by the spatial overlap
between the mode ~e0 propagating in the waveguide and the cavity eigenmodes (Eq. (2.13)). The
overlap integral is to be performed both in the horizontal (polar) plane and in the cross-section
(z− r) plane. As illustrated in Fig. 4.2, the former integration depends on the phase-matching
(PM) between the modes, while the later is sensitive to the taper’s position relative to the
cavity. Since the taper mode propagates with wave number β = ωpneff/c and the cavity’s mode
number is approximately the disk’s circunference divided by the wavelength (m = 2piRneff/λm),
the PM condition resumes to matching the effective refractive indices neff of the modes. As
stated in the previous section, the evanescent field decreases with increasing waveguide radius,
which also provokes the effective refractive index to approach the index of the bulk material.
Whence, M. Nasir et al. [33] proposed the utilization of thicker tapers (waist diameter between
2 and 10 µm) to decrease the number of excited modes and clean the transmission spectrum.
Based on this principle, we envisioned a handier spectral cleaning method: instead of using
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Figure 4.2: Excitation of cavity eigenmodes by a waveguide. (a) Section of the polar plane (upper view
of the cavity) evidencing the coupling region. The modes are approximately in phase at the point of maximum
proximity between the cavity and the waveguide. (b), (c) and (d): Cross-section of the cavity, taken at the
black line illustrated in (a). For the same taper position (indicated by the circumference), the amount of energy
transfered to each mode varies due to the different overlaps.
several tapers with distinct waist diameters, we coupled the cavity to different regions of a
single thin, straight taper, as indicated in Fig. 4.3(a). Due to the adiabatic transition of
the radius, our technique works in the same fashion as Nasir’s, and the experiments can be
performed much faster. Figure 4.4 exemplifies how the spectrum is progressively cleaned up as
the coupling region of the taper is varied. Observe that it is possible to reach a situation in
which a single mode is excited, but at the cost of a reduced extinction rate.
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Figure 4.3: Phase-matching of taper and cavity modes. (a) Illustration of a straight taper fiber. The
black lines indicate different coupling regions. The insets show the absolute field intensity at the marked fiber
cross-sections. (b) Simulated effective index neff of a 56◦ (Rout = 100 µm) wedge disk for the wavelengths used
in the experiment. The profile of the lowest order modes is shown in the insets for the TE-like polarization.
Now, it remains to determine which modes will be surpressed by this technique. As presented
in Fig. 4.3(b), the lowest order modes (shown in the insets) exhibit the highest effective indices
and therefore are more likely to be excited. Since the fundamental mode is less susceptible to
the uncertainty of the taper position, we assume that the resonances presented in Fig. 4.4(c)
correspond to the fundamental mode family. This assumption is validated by the dispersion
measurements presented in the next section.
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Figure 4.4: Spectral cleaning. The central colum shows the full transmission spectra of a fabricated microdisk
with α ≈ 56◦. An exert of the spectra (corresponding to the 1 THz gray strip) is shown in the right colum.
The spectra were taken at different taper positions, as indicated by the micrographs in the left. The measured
taper diameters were (a) 2 µm. (b) 3.4 µm. (c) 5.6 µm.
4.2 Linear characterization
Figure 4.5 shows excerpts of the transmission spectra for the shallow and steep wedges.
We compromised to a taper diameter of approximately 3 µm to obtain a good extinction rate
(almost critical coupling) while still being able to distinguish the fundamental modes (marked
by red dots in the figure). Once these modes are identified, we assign a relative mode number
µ to each resonance (the reference mode µ = 0 being at 1550 nm). Then, we follow the same
procedure as the one described in section 3.1 to obtain the dispersion. Figure 4.5 confirms that
the devices fabricated with different resists present D2 of opposite sign. Adjusting the measured
points to a polynomial, we obtain D2/2pi = 12.7 MHz for the steep wedge and D2/2pi = −9.7
MHz for the shallow disk. According to table 4.1, the measured steep wedge mode most likely
corresponds to the fundamental TM-like mode. The small discrepancy can be associated with
deviations in the actual radii and wedge angle of the fabricated devices. Notice that the mode
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Table 4.1: Simulated D2 values for both polarizations in the shallow and steep wedges. Values are given in
MHz.
α = 17◦ α = 56◦
TE-like TM-like TE-like TM-like
m11 -11.75 -12.13 5.75 10.05
m21 -12.83 -10.82 -1.14 3.15
m31 -9.78 -2.08 -13.21 -11.35
m41 -3.96 -3.45 25.93 -1.43
m51 -12.32 -13.97 6.60 40.28
of the shallow device is not so easily identified due to the proximity of the simulated values.
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Figure 4.5: Linear characterization. From left to right, we have: SEM images, transmission spectra,
lorentzian fit (red curve) of a resonance corresponding to the fundamental mode, and measured dispersion curve
of the (a) α = 17◦. (b) α = 56◦ wedge. The red points indicate the fundamental modes in the transmission
spectra, and the orange arrow indicates the FSR.
As for the quality factor, we adjusted lorentzian curves to the marked resonances and found
Q ≈ 9 × 105 (Q ≈ 3 × 105) for the shallow (steep) wedges. From the SEM (scanning electron
micrograph) images, it is evident that the Q of the steep disks is limited by the roughness of the
wedge surface; furthermore, the grooves in the image suggest that the roughness is inherited
from the resist mask. If that is the case, the quality factor can be enhanced by further improving
the e-beam writing recipe. Based in references [16, 20], we expect to achieve Q in the order of
107. This would decrease the current threshold power by a factor 104.
4.3 High power setup
Based on the simulated modal area and the values of Q and η measured in the previous
chapter, we estimate the threshold power of the steep wedges as Pth ≈ 2 W. In order to
reach such value, the amplitude of the CW laser is modulated by an EOM (electro-optical
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modulator) and amplified with an EDFA (erbium doped fiber amplifier) as drawn in Fig. 4.6.
Concatenating these instruments, we were able to concentrate up to 14 W (peak power) into 40
ns pulses (1 MHz repetition rate) while an intermittent CW regime is ensured by the relation
between pulse duration and photon lifetime (the former is about 25 times the later). Both
the EOM and the EDFA are polarization dependent, so two PCs are added to the setup. The
power meter PM allows us to adjust PC1 and the bias voltage applied to the EOM, while
the EOT (fast photodetector) monitors the shape (and power) of the amplified pulse. 90 %
of the cavity’s transmission is dissipated by a fiber coupler. The remaining power is adjusted
by a second attenuator and equally split between an OSA (optical spectrum analyzer) and an
oscilloscope.
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Figure 4.6: Scheme of the experimental setup for comb generation. EOM: electro-optical modulator,
EDFA: erbium amplifier, Att: optical attenuator, PM: power meter, EOT: InGaAs photodetector, PC: polar-
ization controller. The arrow represents an optical isolator. The transmission is analyzed with an oscilloscope
and an OSA (optical spectrum analyzer).
Monitoring the transmission with the oscilloscope, we adjust PC3 to ensure that the polar-
ization is the same as in the dispersion measurements. Then, we change the laser’s wavelength
from 1531 nm to 1551nm in steps of 50 pm and record the spectra observed at the OSA (Fig.
4.7). We observe that frequency combs are consistently generated throughout this range.
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Figure 4.7: Frequency comb generation. Spectra obtained by the OSA as a function of laser wavelength.
The vertical axis corresponds to optical power in dB.
Next, we narrow down the wavelength range to encompass a single resonance at approxi-
mately 1550 nm. By fine tuning the laser into resonance, we study the formation dynamics of
the comb.
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4.4 Comb dynamics
At 14 W input peak power, the bistable transmission of the device spans more than 10 nm.
By reducing the laser step to 1 pm, we slowly inject light into the cavity and thereby observe
the different stages of comb formation, shown in Fig. 4.8(a). At first, primary sidebands are
generated 13 FSRs away from each other. Then, secondary sidebands rise around the primary
lines in adjacent modes (µ = 1, as shown in figures 4.8(c) and (d)). The sub combs eventually
merge into a single broad comb roughly spanning 33 THz. This dynamics is consistent with
the description for small FSR devices with high pump power presented in Ref. [13] and also
qualitatively matches the CombGUI toolbox simulations presented in Fig. 4.8(b). Observe
that the primery lines are separated by µ = 15 in the simulations, which is problably due to
a small difference between the real and measured values of D1 and D2. If the simulation is
allowed to proceed beyond the experimental results, a solitonic state is achieved (the comb
envelope shapes as sech2 [12]). Unfortunately, we were unable to verify soliton formation with
the available equipment at this time.
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Figure 4.8: Frequency comb generation. OSA spectrum showing the measured (a) and simulated (b)
frequency combs generated at 1550 nm with peak power of 14 W. (c) and (d): Zoomed in images of the
measured and simulated subcomb indicated by the green box.
4.5 Threshold power and mode identification
The frequency comb threshold was measured by simultaneously monitoring the pump trans-
mission and the power of the first generated sideband while continuously scanning the laser
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frequency with a piezo-actuator. The sideband power was measured by the OSA centered at
1527 nm with zero span, whilst a voltage signal proportional to optical power is monitored by
the oscilloscope. Figure 4.9(a) shows that the sideband voltage increases towards the end of the
bistable transmission and drops sharply after the resonance is lost. The intensity of this voltage
peak diminishes as the resonance minimum is blue-shifted by a decrease in the pump’s optical
power (the color of the curves goes from black to brown). Plotting the maximum sideband
voltage as a function of input peak power (Fig. 4.9(b)), we identify Pth as the curve’s cutoff
near 2.9 W.
Repeating this experiment with a coarse scan of the laser frequency (Fig. 4.9(c)), we slowly
reduce the pump power until the resonances are no longer bistable. Since the cavity is coupled
to a thick taper region, we can easily follow the generating mode to find that it possesses the
deepest resonance withing the FSR range, thus it corresponds to the fundamental mode whose
dispersion was earlier characterized.
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Figure 4.9: Threshold power and mode identification. (a) Frequency comb threshold measurement. The
top graph shows the bistable transmission of the cavity as the input is decreased.The bottom image shows the
intensity of first generated sideband. The black (orange) curve represents the highest (lowest) input power. (b)
Maximum sideband voltage as a function of input power. The threshold corresponds to the cutoff at 2.9 W. (c)
Coarse transmission spectra of the cavity as the power is reduced (from purple to blue). The comb is generated
at the mode indicated by the red peak at the bottom (which corresponds to the voltage of the first generated
sideband).
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Chapter 5
Outlook
In summary, we used in-house facilities to develop the knowhow of the fabrication of silica
wedge microdisks. We focused on disks with 200 µm diameter, and I was able to fabricate
devices with anomalous dispersion by increasing the wedge angle. The dispersion of the funda-
mental mode was measured with the aid of a handy spectral cleaning method that we developed
based on Ref. [33]. Lastly, we pumped the anomalous-dispersion devices with 40 ns pulses (1
MHz repetition rate, 14 W peak power) and consistently observed frequency comb generation
at the fundamental modes throughout the measured range.
The threshold power of the parametric oscillation (measured at approximatelly 3 W) could
be reduced by increasing the optical quality factor of the fabricated disks (which is roughly two
orders of magnitude lower than the values reported for similar devices). Based on the SEM
images of the wedge, we believe that the Q factor is mainly limited by the roughness resulting
from the resist exposure, which is easily mended with a few more writing tests to adjust the
recipe. Should we succeed in reaching Q of a few hundred millions, the threshold power would
decrease by a factor of 104 and the experimental setup could be simplified by eliminating the
need of an amplitude modulator. This would allow for a purely CW regime and facilitate the
investigations for soliton generation.
It is important to stress that, although distinct dispersion regimes were obtained by different
fabrication processes, a reproducible fine-tuning of the dispersion value is not likely to be
achieved. To that end, our group is currently studying the deposition of atomic layers of
aluminum oxide on the cavity’s surface, in order to slightly shift the mode’s optical path and
change the overall Kerr index.
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Appendix A
Nonlinear polarization
As stated in section 2.1, the third order nonlinear polarization is given by
PNL,j(ω) = 0
∑
klm
χ
(3)
jklm(ω, ωα, ωβ, ωγ)Ek(ωα)El(ωβ)Em(ωγ). (A.1)
Since we are interested in converting frequencies far from the material’s resonance, χ(3)jklm
does not depend on frequency and the Fourier transform of Eq. (A.1) yields
PNL,j(t) = 0
∑
klm
χ
(3)
jklmEk(t)El(t)Em(t). (A.2)
Substituting the ansatz (2.9) into Eq. (A.2), we have
PNL,j = 0
∑
klm
χ
(3)
jklm
(∑
α
aαEα,k + c.c.
)∑
β
aβEβ,l + c.c.
(∑
γ
aγEγ,m + c.c.
)
(A.3a)
= 0
∑
klm
χ
(3)
jklm
∑
αβγ
(
a∗αaβaγE
∗
α,kEβ,lEγ,m + aαa∗βaγEα,kE∗β,lEγ,m + aαaβa∗γEα,kEβ,lE∗γ,m
)
(A.3b)
= 30
∑
klm
χ
(3)
jklm
∑
αβγ
aαa
∗
βaγEα,kE∗β,lEγ,mei(ωα−ωβ+ωγ)t. (A.3c)
Observe that many frequency combinations are possible for PNL and that only the FWM
terms (ωα + ωβ − ωγ, ωα − ωβ + ωγ,−ωα + ωβ + ωγ) were considered in going from (A.3a) to
(A.3b). Also, we used intrinsic permutation to obtain (A.3c), which can be further simplified
in an isotropic medium such as silica [25, 34]. The tensor is then composed by 21 nonzero
elements, χ(3)jjjj, χ
(3)
jjkk, χ
(3)
jkkj and χ
(3)
jkjk, which are related by
χ
(3)
jjjj
3 = χ
(3)
jjkk = χ
(3)
jkkj = χ
(3)
jkjk ≡
χ(3)
3 . (A.4)
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Hence,
PNL,j = 0χ(3)
∑
αβγ
aαa
∗
βaγ
3Eα,jE∗β,jEγ,j + ∑
k 6=j
(
Eα,jE
∗
β,kEγ,k + Eα,kE∗β,kEγ,j + Eα,kE∗β,jEγ,k
)
(A.5a)
= 0χ(3)
∑
αβγ
aαa
∗
βaγ
[
Eα,j(~E∗β .~Eγ) + Eγ,j(~Eα.~E∗β) + E∗β,j(~Eα.~Eγ)
]
ei(ωα−ωβ+ωγ)t. (A.5b)
In vectorial form,
~PNL = 30χ(3)
∑
αβγ
aαa
∗
βaγ ~Eα(~E∗β .~Eγ)ei(ωα−ωβ+ωγ)t. (A.6)
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Appendix B
Fabrication step-by-step
This Appendix is dedicated to present the complete fabrication recipe of the SiO2 wedge
resonators, step by step. We cover both the electro and the photoresist procedures.
• Sample pre-processing: first of all, we need to slice the SiO2 wafer into smaller pieces.
– In order to protect the surface, we spin-coat the wafer with photoresist AZ 5214
(anyone will do). I used a rotation of 4000 rpm for 40 sec, no pre-bake.
– Slice the wafer into squares of 1 cm2. I used a diamond pen and held the wafer with
two gloves in each hand, to contain skin oiliness.
• Sample cleaning: to remove the AZ photoresist, place the chip in a becker containing
– TCE (trichloroethylene)
– Acetone
– IPA (isopropyl alcohol)
The becker goes into a sonicator (ultrasound bath), 3 min for each substance. Spray the
chip with the new substance before changing beckers.
Dry the IPA from the chip with the N2 gun.
• Adhesion promoter:
– Surpass 3000 - 1 min in the sonicator
– H2O DI (deionized water) - 1 min in the sonicator
– Dry each chip separately with the N2 gun.
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• Resist coating:
SC 1827 MaN 2405
Spinner 4000 rpm (40 sec) 3000 rpm (30 sec)
Pre-bake 110◦ C (1 min) 90◦ C (1.5 min)
• Exposure:
SC 1827 MaN 2405
Exposure MJB3 (22 sec) Raith E-line (WF 1mm, aperture15 µm, 20 kV, Dose 84 µC/cm2)
Develop AZ 351, diluted 1:4 parts ofH2O DI (1 min)
MIF 300 (1 min)
Hard bake 125◦ C (5 min) 140◦ C (5 min)
After the hard bake, clean the edges of the chip with acetone. This way, the disks can be
coupled to a straight taper.
• Silica etching: 40 min in buffered HF (hydrofluoric acid).
• Resist removal: same as sample cleaning, TCE, acetone and IPA in the sonicator (3
min each). Dry with the N2 gun.
• Disk release: wet etch of silicon with TMAH (tetramethylammonium hydroxide). Should
be done right after the HF etching to avoid the natural oxidation of the silicon surface.
– Heat a large becker with TMAH at 80◦ C. Use the hotplate with active temperature
control and wait least 30 min for the temperature to stabilize.
– Turn magnetic agitation on.
– Sink the chip into the heated becker for 50 min.
– To stop the reaction, place the sample directly under a flow of DI water for 3 min.
– Dry with the N2 gun. Be carefull with the air flow, you might break the disks (still,
the flow is good because it carries some dirt particles away).
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Appendix C
Dispersion fine-tuning
The hard bake temperature was chosen to reflow the resist, i.e. to melt and reshape the
edges of the resist pad (note the shadows in the micrographs at the top of Fig. C.1. The
edges seem swallowed). We observed that different reflow temperatures lead to resonators with
different dispersion curves. However, it also impacts the Q factor, as can be observed in Fig.
C.1. This step is essential to smooth the walls of the resist pad (and thus of the disk itself).
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Figure C.1: Study of reflow temperature. The second line shows the measured transmission spectra of the
disks fabricated with a resist reflow of (a) 120◦. (b) 140◦. The fundamental modes are indicated by the red
dots. With these resonances, we measured the dispersion curves (line 3) and the Q distribution (bottom line).
The top line shows optical micrograph images of the resist pads right after the reflow treatment.
Appendix D. Frequency axis calibration 51
Appendix D
Frequency axis calibration
The transmission spectra of the devices are collected by an oscilloscope, which displays the
temporal variation of the voltage signal. However, we need to determine the resonance frequency
(or wavelength) of the resonator, so the horizontal axis of the spectra is to be transformed.
Unfortunately, this conversion is not linear because the laser’s sweep speed is not constant.
This fact becomes clear once we analyze the lambda output of the laser, which gives a voltage
signal proportional to the wavelength. In ploting this voltage as a function of the number
of samples aquired by the scope (Fig. D.1(a)), we see that the curve slightly deviates from a
straight line (shown in red in the figure). Thus, the voltage ramp will only be used to determine
the start and end points of the wavelength sweep, as indicated in figures D.1(a) and (b).
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Figure D.1: Relative frequency calibration. (a) The output voltage of the laser increases with wavelength,
but the rate by which the voltage increases does not remain constant during the sweep (the curve deviates from
the straight line shown in red). The points of minimum and maximum voltage indicated by the arrows are used
to define the initial (λi) and final (λf ) wavelengths. (b) Transmission spectrum croped at the points defined
by the voltage ramp. (c) Scheme of a fiber Mach-Zehnder interferometer. ∆L is the difference in optical path,
C1 and C2 are fiber couplers. (d) Transmission of the Mach-Zehnder interferometer.
The relative frequency calibration is done with a Mach-Zehnder interferometer (MZI),
schematized in Fig. D.1(c). It consists in two fiber couplers connected such that there is a
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difference (∆L) in the optical path of the two branches. This difference causes an interference
pattern given by
I = sin2(ping
c
ν∆L), (D.1)
where I is the transmited intensity, ng is the group index and c is the speed of light in vacuum.
Assuming that the index dispersion is negligible for the considered frequency range, the curve
of I vs. ν oscillates with a constant period
Υ = c
ng∆L
= (138± 3) MHz. (D.2)
Notice that the precision of this value is limited by the spectrum analyzer used to calibrate
it.
Now, the MZI transmission is collected along with the cavity’s transmission. The period of
the sinusoid curve observed in the scope is not constant, because the number of points collected
in each period varies with the laser’s sweep speed. Nevertheless, each period corresponds to
a fixed frequency interval. So, we use a Matlab® function to identify the peaks of the MZI
transmission (red dots in Fig. D.1(d)) and atribute the value of 138 MHz to the spacing
between neighboring dots. Using the nominal laser value for the initial wavelength, we use an
interpolation to create the frequency axis.
D.1 Absolute frequency reference
194 195 196 197 198
Frequency (THz)
0
0.5
1
N
or
m
. A
ce
ty
le
ne
12
-2 0 2
0.6
0.8
1
(a) (b)
Freq. diff. (GHz)
Figure D.2: Absolute frequency calibration. (a) Transmission spectrum of an acetylene cell. Resonance
1 (marked in red) was used as absolute reference for the frequency axis, whereas resonance 2 (in green) was
used to determine the cumulative error of the MZI periods. (b) Lorentzian fit to ressonance 1. The measured
linewidth is 0.9 GHz.
The oscilloscope also collects the transmission of an acetylene cell, as shown in Fig. D.2.
The resonance frequencies of the acetylene are known to a precision of 10 MHz, so we used the
resonance marked in red as an absolute reference. Thus, the frequency axis was shifted until
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the dip of resonance 1 matched the tabulated value (198.1182 THz). In this new (shifted) axis,
we measured the resonance 2 (in green) to be
ν2 = 194.7199 THz. (D.3)
This value differs from the tabulated value in approximately 20 GHz (0.6% of the measured
range). The experimental uncertainty in the determination of the acetylene resonances was
taken as half the resonance’s linewidth (0.5 GHz, according to the lorentzian fit of Fig. D.2(b)).
So, we attributed the discrepancy to the cumulative uncertainty in the determination of the
MZI peaks (estimated in 5 MHz).
